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abstract

Considering regions in a map to be adjacent when they have nonempty intersection (as

opposed to the traditional view requiring intersection in a linear segment) leads to the

concept of a facially complete graph: a plane graph that becomes complete when edges are

added between every two vertices that lie on a face. Here we present a complete catalog

of facially complete graphs: they fall into seven types. A consequence is that if q is the

size of the largest face in a plane graph G that is facially complete, then G has at most

⌊3q/2⌋ vertices. This bound was known, but our proof is completely di�erent from the

1998 approach of Chen, Grigni, and Papadimitriou (Planar map graphs, Proc. 30th ACM

Symp. Th. of Computing, 514�523). Our method also yields a count of the 2-connected

facially complete graphs with n vertices. We also show that if a plane graph has at most

two faces of size 4 and no larger face, then the addition of both diagonals to each 4-face

leads to a graph that is 5-colorable.

Keywords: planar graphs, graph coloring, map coloring, cyclic coloring conjecture

2020 Mathematics Subject Classi�cation: 05C10.

1. Introduction

The classic view of the map-coloring problem considers two regions (taken to be closed

sets) as adjacent when their boundaries intersect in a segment of nonzero length, as op-

posed to merely a single point. But single-point intersections do arise in real-world maps:

there is the famous Four Corners point (a quadripoint) in the USA, where Colorado, Utah,

Arizona, and New Mexico meet, and many other examples [6, 19]. Indeed, in the Cata-

nia province of Sicily there are 10 towns that meet at Mt. Etna's summit (Figure 1(a)).
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Because Bronte surrounds Maletto and so strikes Mt. Etna twice, it can be considered

as 11 regions with a common point. Also in Northern Ireland the summit of Knocklayd

is shared by ten towns (Broom-More, Tavnaghboy, Kilrobert, Clare Mountain, Aghaleck,

Corvally, Essan, Cleggan, Stroan, and Tullaghore; Figure 1(b)).

(a) (b)

Fig. 1. (a) A map of part of the province of Catania in Sicily, showing an 11-fold meeting point of towns

at the summit of Mt. Etna. Only ten towns are involved because Bronte strikes the corner point twice,

fully surrounding Maletto. Randazzo is disconnected and includes the region southwest of Bronte. (b)

At the summit of Knocklayd in Northern Ireland, ten towns share a point

It is natural to require that regions with any nonempty intersection, even just a single

point, be given di�erent colors. It is not hard to construct a map with six regions that

is complete (all pairs are adjacent) when 4-corner adjacency is allowed; see Figure 2,

which is a simple modi�cation of the four-corner layout to get a complete map with three

quadripoints. The triangular representation is an alternate view. The adjacency graph

at far right is K6.

Fig. 2. Top: Two views of a 5-node, 6-region map in which every two regions share a point; there are

three 4-corner points. Bottom: The dual graph of the basic map, which is a 3-prism, shown in two

drawings and followed by the graph (isomorphic to K6) with the edges from the 4-corner adjacencies

added

For a general conjecture, we must deal with the map made up of sectors of a circle

meeting at the center. Such a map shows that the chromatic number is unbounded,
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and therefore any coloring conjecture must involve a chromatic bound that is a function

of q, the maximum number of countries that can share a point. This concept was �rst

investigated in 1969 by Ore and Plummer [14], though Ringel [16] had considered a closely

related problem a few years earlier.

As always, it is more convenient to work with graphs. A cyclic coloring of a plane

graph is an assignment of colors to vertices such that any two vertices that share a face

receive di�erent colors. The face condition is the same as asking that regions in the dual

map that share a common point get colored di�erently. The largest face in a plane graph

is usually denoted by ∆∗(G), but here we will use q throughout for the largest face size

in G, where it will be clear from the context what G is.

De�nition 1.1. The facial closure Ḡ of a plane graph G is de�ned by adding to G any

edge u v not in G whenever u and v lie on a face of G. A plane graph G is facially

complete (FC) if Ḡ is a complete graph.

Plummer and Toft [15] introduced χc for the cyclic chromatic number of a graph. We

prefer to work with Ḡ; χc(G) is the same as χ(Ḡ). Ore and Plummer [14] proved that

χ(Ḡ) ≤ 2q and presented the type 1 graphs�subdivided prisms�of Section 2: those

graphs are facially complete and have ⌊3q/2⌋ vertices, which means that the best possible

conjecture would be χ(Ḡ) ≤ ⌊3q/2⌋. The upper bound of 2q was improved by Sanders and

Zhao [17] to χ(Ḡ) ≤ ⌈5q/3⌉. The prism-based family and the cyclic coloring conjecture

were also implicit in the work of Borodin [1]. So the current main question in this area is

the following conjecture (see [8] �2.5 and [3] �6). We use W (q) for ⌊3q/2⌋.

Conjecture 1.2 (Cyclic Coloring Conjecture). If G is a plane graph, then χ(Ḡ) ≤ W (q).

The q = 3 case of this conjecture is true as it is equivalent to the four-color theorem.

The q = 4 case was proved by Borodin [1, 2] and the q = 6 case was proved by Hebdige

and Krá© [5].

The reason W (q) is the conjectured bound on χ(Ḡ) goes beyond the fact that there

exists a facially complete graph of that size. It is known that there is no larger facially

complete graph.

Theorem 1.3. A plane graph that is facially complete has at most W (q) vertices.

This result is stated at the end of the 1998 paper of Chen et al. [4], but their investigation

focuses on maps. In this paper we stay in the realm of graphs and present a straightforward

proof of the theorem. Our approach is quite di�erent from that of [4]. Further, we

categorize the collection of all facially complete plane graphs using seven types. The �rst

�ve types are the 2-connected cases and our description allows us to present a method

that yields the number of 2-connected facially complete graphs with n vertices.

Computations with graphs were used heavily in our investigations. We used Mathemat-

ica, applying various graph theory functions to the graphs in the GraphData database.

We are grateful to Joan Hutchinson, Paul Kainen, Brendan McKay, and John Watkins
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for helpful discussions about coloring and planar graph embedding.

2. The FC catalog

An outerplanar graph is traditionally de�ned as a graph that has a drawing in which all

vertices belong to the exterior face. Here we use the term for a plane graph having all

vertices on one face; that is, we use it to describe an embedding as opposed to the abstract

graph. The following gives a catalog of FC graphs. In Section 3 we will prove that every

FC plane graph belongs to one of these families. We use the term subdivider for a vertex

of degree 2 and we use κ to denote the vertex connectivity of a graph.

The FC catalog.The FC catalog.The FC catalog. Each plane graph in the following seven families is FC. For graphs in

the �rst �ve families κ ≥ 2; in the sixth family κ = 1, and in the last κ = 0.

Type 1. A subdivided 3-prism: subdividers are added to the edges connecting one

triangle to another (Figure 3).

Fig. 3. The 3-prism with 1, 2, and 3 subdividers; the corresponding 5-node map is at right with the

exterior face in the graph represented by the bottom node of the map

Type 2. A subdivided tetrahedral graph K4: subdividers are added to the edges con-

necting a point to an exterior triangle (Figure 4). To avoid duplication with type 4, each

connecting edge is to have at least one subdivider (otherwise the graph is a wheel).

Fig. 4. The tetrahedral graph K4 with 1, 2, and 3 subdividers; the 4-node map is at right, with the

exterior face of the graph represented by the central node of the map

Type 3. A subdivided complete bipartite graph K2,3: if the small part has vertices α0

and α1, then subdividers are added to the three disjoint paths from α0 to α1 (Figure 5).

To avoid duplication with the wheels in type 4, each of the three paths must have at least

two subdividers (otherwise the graph is a wheel with all but two radii deleted).

Type 4. The n-wheel where n ≥ 4, with radial edges removed leaving a non-outerplanar

graph (Figure 6). If the graph were outerplanar it would be a cycle with 0 or 1 diagonals

(type 5) or a wheel with one radius (type 6).
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Fig. 5. The subdivided K2,3. The corresponding 3-node map is at right, with the top node representing

the exterior face of the graph

Fig. 6. A 20-wheel with 9 radii removed. The dual map is at right, with the central node representing

the graph's exterior face

Type 5. A simple cycle with interior diagonals leading to a plane graph (Figure 7).

Fig. 7. An 11-cycle with diagonals; the dual map is at right. The top node represents the graph's

exterior face

Type 6. A connected outerplanar graph with vertex-connectivity 1, or K1. Alterna-

tively, a connected cactus graph that is not a cycle. A cactus graph is one in which every

block is an edge or a cycle (see Figure 8).

Type 7. A disconnected outerplanar graph; that is, disjoint copies of graphs of types 5

and 6.

The following two propositions present properties of the graphs in the catalog. We will

prove in Section 3 that the catalog is complete, so these properties apply to all facially

complete plane graphs. The extremal cases in (b) are of special interest; the type 1 family

was presented by Borodin, and by Plummer and Ore as noted earlier. The type 2 family

seems to have been overlooked. Note that the type 1 family in the maximal case for q
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even is symmetric in that the number of subdividers is the same for each subdivided edge;

this is not true when q is odd. But for odd q, when the type 2 family is extremal, it is

symmetric. The theorem in Section 1 follows from part (b) below once we prove that the

catalog is complete.

Fig. 8. A 1-connected outerplanar graph, with its dual map at right (the lower right node is common to

all 12 countries)

Proposition 2.1. (a) The seven types in the FC catalog are mutually exclusive.

(b) For all graphs in the FC catalog, n ≤ W (q). The only cases where n = W (q) are

as follows (see Figure 9):

• type 1, the subdivided 3-prism, with the subdividers distributed as (a, a, a) or (a, a, a+

1), where a ≥ 0 (here q ≥ 4 and q is even in the �rst case and odd in the second);

• type 2, the subdivided tetrahedral graph, with subdivider distribution (a, a, a), where

a ≥ 1 (this implies q ≥ 5 and q is odd);

• K4, which is the 4-wheel in type 4 (q = 3).

(c) Except for K4 and the n-wheels with n even, which are 4-chromatic, the chromatic

number of any graph in the catalog is at most 3.

q  3 q  4 q  5 q  6 q  7

Fig. 9. The graphs in the FC catalog (types 1 and 2, and K4) having maximum vertex count ⌊3q/2⌋

Proof. (a) Types 6 and 7 are distinguished from each other and the others by connectivity

(K1 being a special case). A graph in type 5 is outerplanar while types 1�4 are not. Types

1, 2, and 3 have, respectively, 6, 4, and 2 vertices of degree 3. A wheel with four or more

radii has a vertex of degree 4, and so cannot have type 1, 2, or 3. A wheel with two

radii is potentially of type 3, but was excluded there, except that if the two radii involve
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neighbors on the rim, it is outerplanar. That case was excluded as it is of type 5. A wheel

with three radii is potentially of type 2 when two of the radii involve rim neighbors, but

was excluded from type 2.

(b) For types 1�3, suppose the subdivider counts, in nondecreasing order, are a, b, c. In

each case we can describe q and n in a way that yields the desired inequalities.

Type 1. q = b + c + 4 and n = a + b + c + 6. If q is even, W (q) − n = 3q/2 − n =
1
2
(b + c − 2a). This last is nonnegative and is 0 only when a = b = c. If q is odd,

W (q)− n = 1
2
(3q − 1)− n = 1

2
(b+ c− 2a− 1). Because b+ c is odd, and b+ c ≥ 2a, we

have b+ c−2a ≥ 1. This proves the inequality. For equality, we must have b+ c = 2a+1,

from which the claimed form follows.

Type 2. q = b + c + 3 and n = a + b + c + 4. The proof is similar to the type 1 case.

Details: If q is even, W (q) − n = 3q/2 − n = 1
2
(b + c − 2a + 1). This last is positive. If

q is odd, W (q)− n = 1
2
(3q − 1)− n = 1

2
(b+ c− 2a). This is nonnegative and is 0 only if

a = b = c.

Type 3. q = b + c + 2 and n = a + b + c + 2 ≤ 2b + c + 2. Here 2(W (q) − n) ≥
2
(
3q−1
2

− n
)
= b+ c− 2a+ 1 ≥ 1, so W (q)− n ≥ 1

2
and therefore n < W (q).

Type 4. n = q + 1 ≤ W (q)− 1, except when G = K4. In that case n = 4 = W (3).

Types 5, 6, and 7. n = q ≤ W (q)− 1.

(c) The only di�cult case is the cycle with diagonals, but the 3-colorability of the

vertices in the graph of a polygon triangulation is a well-known result in the context of

the art gallery theorem (see [9]). The proof is by otectomy: any triangulation has an ear;

cut it o�; use induction.

If 11 countries are allowed to meet at a point, as essentially happens for the towns in

Sicily in Figure 1(a), a map such as the one in Figure 10 shows that K16 can arise and so

the map requires 16 colors. The map in Figure 10 is of the subdivided tetrahedral type;

because 11 is odd there is a second, less symmetric, example arising from the subdivided

prism with 16 vertices and subdivider pattern 4, 3, 3.

Fig. 10. A Mt. Etna�inspired map with 16 countries having 11 of them meet at each of three points in

such a way that every two regions share a point. The adjacency graph is therefore K16 and 16 colors are

needed

We can determine the exact number of 2-connected FC graphs. There is an explicit

formula in all cases except type 5, in which case there is an algebraic algorithm.
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Proposition 2.2. The counts of the n-vertex graphs in the �rst �ve types in the FC

catalog are as follows.

Type 1.
⌊
(n−3)2+6

12

⌋
.

Type 2.
⌊
(n−4)2+6

12

⌋
.

Type 3.
⌊
(n−5)2+6

12

⌋
.

Type 4. 1
4
(mod(n − 1, 2) + 3)2⌊(n−1)/2⌋ + 1

2(n−1)

(∑
d|n−1 ϕ(d)2

(n−1)/d
)
− 3, where ϕ is

Euler's ϕ function.

Type 5. For n ≥ 3, the counts are 1, 2, 3, 9, 20, 75, 262, 1117, 4783, 21971, 102249,

489077, . . . .

Proof. The type 1 count is the number of partitions of n−6 into three nonnegative parts

[13]). The type 2 count is the number of partitions of n− 7 into three nonnegative parts.

It is n − 7 because we must place at least one subdivider on each edge from the center,

so the initial graph has 7 vertices. The type 3 formula counts the number of partitions of

n−8 into three nonnegative parts. The use of n−8 is correct because the initial graph has

8 vertices. The type 4 count arises from a bracelet counting theorem [10], subtracting 3

for the outerplanar cases. The values for type 5 were generated by the method at [11].

These counts, and consequently the types in the catalog, were con�rmed for n ≤ 8 by

using an algorithm for all distinct plane embeddings applied to Mathematica's GraphData

database. This resulted in counts of all 2-connected n-vertex plane that are facially

complete that agree with the preceding proposition. The counts of 2-connected FC plane

graphs, for n = 3, 4, . . . are 1, 3, 6, 15, 32, 94, 295, 1169, 4870, 22110, 102490, 489479, . . .

[12]. The counts excluding the outerplanar cases�that is, types 1, 2, 3, and 4�are 0, 1,

3, 6, 12, 19, 33, 52, 87, 139, 241, 402, . . . .

3. The catalog is complete

To prove that any FC plane graph has one of the types in the catalog, we need a lemma.

This lemma applies to all graphs, not just FC ones. If F is a face of a plane graph then

F̂ is the ordered set of vertices de�ning F (possibly with duplications).

Lemma 3.1. Let G be a 2-connected plane graph drawn with q-face A as the exterior

face, where q ≥ 4 and n ≥ q + 2. There exists a path (α0, ρ0, ρ1, . . . , ρk, α1) in G where

αi ∈ Â, α0 ̸= α1, α0 and α1 are not consecutive vertices in the cycle bounding A, and

each ρi /∈ Â.

Proof. Let {ai : 1 ≤ i ≤ q} enumerate Â in cyclic order around the boundary of A; always

view indices as being reduced modulo q. We can partition the vertices not in Â into

connected components {Ci : 1 ≤ i ≤ r} when the vertices in Â are deleted; because n ≥
q + 2, there is at least one component.

Because we seek a path, we can consider G−, the graph obtained by contracting each
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Ci to a vertex γi; the vertices γi are independent in G−. If any γi has degree 1, 2-

connectedness of G would be violated. If some γi has degree 3 or more, the fact that

q ≥ 4 means that the desired path would exist. If some γi is adjacent to nonconsecutive

vertices in Â, the desired path would exist. To complete the proof we will obtain a

contradiction from the adjacency of each γj to a pair akj , akj+1 (see Figure 11).

v1

v2

v3

v4

v5

v6

v7

v8

γ1

γ2

γ3

γ4

Fig. 11. The contracted graph G− has a large interior face

Each triple γj, akj , akj+1 forms either a triangular face or, with another γi, a 4-sided

face. There must be at least one triangle because any quadrilateral has a γm in its interior

and γm, having degree 2, lies on one other face; repeat the argument until the second face

is a triangle. Let B be the face that is the complement of the exterior face and all the

triangles or quadrilaterals just described. Delete all vertices and incident edges for any

γi that is not on B and let m be the number of γi that remain; m ≥ 1. Each remaining

γi contributes two edges to B and it follows that |B̂|= q − m + 2m = q + m > q,

contradiction.

With the lemma in hand, we can prove that any FC graph is in the catalog. By

Proposition 2.1(b) in Section 2 this implies that any facially complete graph has at most

W (q) vertices.

Theorem 3.2. Let G be an FC plane graph. Then G is one of the graphs in the FC

catalog.

Proof. Assume that G is drawn so that |Â|= q, where A is the exterior face. We can

assume q ≥ 4, for if q = 3 then Ḡ = G and so G is a complete graph; K1 and K2 are of

type 6, K3 has type 5, and K4 has type 4. Assume �rst that G is 2-connected.

n = q: G is a cycle with diagonals; type 5.

n = q + 1: If two nonconsecutive vertices in Â lie on an edge then the edge divides

the complement of A into two regions; neither region has a vertex in its interior, as such

a vertex would lead to an independent pair in Ḡ. Therefore there is no such edge and

the additional vertex serves as the center of a wheel with radii deleted but at least two

retained. This means G is of type 4, or, if there are two radii involving neighbors in Â, G

is a cycle with one diagonal, which is type 5.

n ≥ q + 2: Use the lemma and q ≥ 4 to get a path (α0, η0, . . . , η1, α1) and let P be the

vertices of the path excluding its two ends; let z = |P |. Let T be the vertices of one of
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the paths in Â from α0 to α1, and let S be be the same for the other path; exclude α0

and α1 from S and T . Because α0 and α1 are not neighbors neither T nor S is empty.

Let t = |T | and s = |S|. Let β0 ∈ T and γ0 ∈ S be the neighbors of α0; let β1 ∈ T

be the neighbor of α1. The path from the lemma divides the complement of A into two

open topological disks B and D. There are no vertices in B ∪ D, as any such would be

separated from either β0 or γ0 in Ḡ. Therefore, because n ≥ q + 2, z ≥ 2.

Let T+ = T ∪ {α0, α1}; let P+ = P ∪ {α0, α1}. Let ϵ count the edges that intersect the
open set B ∪D. There are no edges in the ϵ-count from P+ to P+ or from Â to Â as any

such would separate a pair in Ḡ. So any edge in D must go from T to P and any edge in

B must go from S to P .

ϵ = 0. G is a subdivided K2,3 and so has type 3 unless one of the bipartite edges has

fewer than two subdividers, in which case it is a wheel, type 4.

ϵ = 1. We may assume the edge is in D. Then B is a face. If t < 2 then |B̂|> q,

contradiction, so t ≥ 2. Any edge from T \{β0, β1} to P (blue edge in Figure 12).

separates a βi from the opposite ηj. And the same is true for an edge from βi to a vertex

in P other than ηi. So the edge in D must be β0 η0 or β1 η1 (red edge in Figure 12).

α1α0

β1β0

η0 η1

γ0 γ1

A

B

P

T

S

D

Fig. 12. The diameter's interior points (orange) are P , the path given by the lemma. The six interior

points on the upper semicircle (blue) are T

Therefore G is in the tetrahedral case and has type 2.

ϵ = 2. If both edges are in D then, as in the ϵ = 1 case, they must be β0 η0 and

β1 η1 and G is a subdivided prism, type 1. If there is one edge in each of B and D

then again G is type 1 because the D-edge can be taken to be β0 η0 and the B-edge is

either γ0 η0 or γ1 η1, where γ1 is the neighbor of α1 in S; γ1 might equal γ0. In the

�rst case β0 would be separated from η1 in Ḡ and the second case is a graph of type 1.

ϵ ≥ 3. This cannot happen. We may assume there are at least two edges in D. If no

edge is in B, then the argument of the ϵ = 1 case shows that there are most two edges in

D and ϵ ≤ 2. Therefore there is an edge γ2 η2 in B where η2 ∈ P . We may assume that

η2 ̸= η0. Then any D-edge not containing η0 separates η0 from α1 in Ḡ and any D-edge

containing η0, but not equal to β0 η0 separates β0 from η2 in Ḡ. So D can have only

the single edge β0 η0, a contradiction.

If κ(G) = 1, let v be a cut-vertex of G. If necessary, modify the drawing of G so

that v is on the exterior face. Then v appears at least twice on the cycle de�ning the
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exterior face. The exterior face's cycle can be decomposed into at least two segments that

correspond to simple cycles (in the case of a path, the segments will be singletons). Any

vertex inside any one of these cycles would be separated in Ḡ from a vertex not on the

cycle. Therefore the exterior face contains all vertices, and G is outerplanar.

If G is disconnected, then each connected component is FC and because there are at

least two components, each component must be outerplanar and connected, and so must

have type 5 or 6.

4. Using fewer colors

In some cases we can show that χ(Ḡ) is strictly less than W (q). The q = 3 case is nothing

new as G = Ḡ and the cyclic coloring conjecture is equivalent to the four-color theorem.

So suppose q = 4 and use the term quad for a 4-sided face. The 3-prism has three quads

and its facial completion is 6-chromatic. We can show that any plane graph having at

most two quads has a 5-colorable facial completion. The 5 is sharp because the 5-wheel

has one quad and its facial completion is K5, so �ve colors are necessary.

Theorem 4.1. If G is a plane graph with q ≤ 4 and at most two quads, then χ(Ḡ) ≤ 5.

Proof. If there are no quads then Ḡ equals G and is therefore 4-colorable. Suppose there

is one quad. If both diagonals are edges in G, then again G = Ḡ and χ(Ḡ) ≤ 4. If

neither diagonal is an edge, add one. Let G+ denote the plane graph that is G with one

diagonal in the quad. Use the four-color theorem to color G+ with 1, 2, 3, 4 and assume

a triangle of the quad uses colors 1, 2, 3 (see Figure 13). If color 4 is used at the other

quad vertex, we are done. If color 3 is used at the fourth vertex, replace it with 5 to get

a valid 5-coloring of Ḡ.

1

2 3

4 or 5

Fig. 13. When there is one face of size 4, �ve colors su�ce

Suppose there are two quads, A and B. If they have a common vertex, color each using

the preceding case, making sure that the diagonals of the quads are such that if color 5

is used, it is used at a common vertex. If A and B are disjoint, add a diagonal to each

and 4-color. This coloring respects any edges between the quads. Now use color 5 in each

quad as in the one-quad case. But if the two vertices that get color 5 are on an edge,

more work must be done to avoid using color 6. Note that at least one of the 16 possible

edges from A to B is missing; for if they were all included, there would be a planar K4,4
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and therefore a planar K3,3, which is impossible. Suppose one of these missing edges is

α β. Then color A and B so that, if color 5 is used, it is used only on α or β or both.

That is, use the one-quad method with diagonals chosen to be disjoint from {α, β}. This
is a legal 5-coloring of Ḡ.

5. Conclusion

The cyclic coloring conjecture of Plummer and Toft is an important extension of the four-

color theorem and, like that theorem, it arises as a real-world map-coloring problem. The

conjectured bound W (q) bound on χ(Ḡ) is used because it appeared that there was no

larger facially complete graphs. Our relatively simple proof that W (q) bounds the size of

an FC graph clari�es the result and our approach yields the �ne detail about the family

of all facially complete graphs.

Here are two natural questions about facial completions. There are several algorithms

that can 4-color a planar graph. The proof of the four-color theorem yields one, though

that would not be easy to implement. One can implement a random algorithm based on

Kempe chains that apparently works with very high probability [7]. And there is also a

deterministic algorithm that works well in practice [18]. Is there a reasonable algorithm

that will succeed in coloring Ḡ in W (q) colors?

Another question arises in the q = 4 case by trying to understand when the facial

completion yields a nonplanar graph. It is not hard to see that the facial completion of

the adjacency graph of the map of the US states is not planar. But the facial completion

of a square is K4, a planar graph. Is there a characterization or an algorithm that will

tell when Ḡ is planar?
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